Abstract. In this paper, we study the structures of finite groups using some arithmetic conditions on the sizes of real conjugacy classes. We prove that a finite group is solvable if the prime graph on the real class sizes of the group is disconnected. Moreover, we show that if the sizes of all non-central real conjugacy classes of a finite group G have the same 2-part and the Sylow 2-subgroup of G satisfies certain condition, then G is solvable.
Introduction
Let G be a finite group. An element x ∈ G is said to be real if there exists an element g ∈ G such that x g = x −1 . We denote by Re(G) the set of all real elements of G. A conjugacy class x G containing x ∈ G is said to be real if x is a real element of G or equivalently x G = (x −1 ) G . The size of a real conjugacy class is called a real class size. Several arithmetic properties of the real class sizes can be conveniently stated using graph theoretic language. The prime graph on the real class sizes of a finite group G, denoted by ∆ * (G), is a simple graph with vertex set ρ * (G) the set of primes dividing the size of some real conjugacy class of G and there is an edge between two vertices p and q if and only if the product pq divides some real class size. Now a prime p is not a vertex of ∆ * (G), that is, p ∈ ρ * (G) if and only if p divides no real class size of G. In [6] , the authors show that 2 is not a vertex of ∆ * (G) if and only if G has a normal Sylow 2-subgroup S (i.e., G is 2-closed) and Re(S) ⊆ Z(S). For odd primes, a similar result is not that satisfactory. Combining results in [11] , [14] and [15] , we can show that if an odd prime p is not a vertex of ∆ * (G) and assume further that when p = 3, SL 3 (2) is not a composition factor of G, then O 2 ′ (G) has a normal Sylow p-subgroup and O p ′ (G) is solvable, in particular, G is p-solvable (see Lemma 2.7). The proofs of the aforementioned results, especially, for odd primes, are quite involved and depend heavily on the classification of finite simple groups. This is in contrast to the similar result for all conjugacy classes, that is, if a prime p does not divide the size of any conjugacy classes of G then G has a normal central Sylow p-subgroup. The proof of this classical result is just an application of Jordan's theorem on the existence of derangements in finite permutation groups.
It is proved in [6] that ∆ * (G) has at most two connected components. In our first result, we will show that if ∆ * (G) is disconnected, then G is solvable.
Theorem A. Let G be a finite group. If the prime graph on the real class sizes of G is disconnected, then G is solvable.
We next study in more detail the real class sizes of finite groups with disconnected prime graph on real class sizes.
Theorem B. Let G be a finite group. Suppose that ∆ * (G) is disconnected. Then 2 divides some real class size and one of the following holds. It follows from Theorem B that if the prime graph ∆ * (G) of a finite group G is disconnected, then 2 must be a vertex of ∆ * (G). This confirms once again the importance of the prime 2 in the study of real conjugacy classes of finite groups. In the second conclusion of Theorem B, both connected components of ∆ * (O 2 ′ (G)) are complete and one of the components of this graph contains the prime 2 only. (See Theorem 3.5). We should mention that it was proved in [7] that a finite group whose all real class sizes are either odd or powers of 2 is solvable. However, in the proof of (2), we will need the solvability from Theorem A. So, if one can prove part (2) of Theorem B without using the solvability of the group, then we would have another proof of Theorem A.
In [7] , it is shown that if all non-central real conjugacy classes of a group have prime sizes, then the group has a normal Sylow 2-subgroup or a normal 2-complement. The next example shows that this is not the case if we only assume that all real class sizes are prime powers.
Example. Let G = Alt 4 : C 4 be a solvable group of order 48. We have 3 and the real class sizes of G are 1, 3 or 8. Clearly, G has no normal Sylow 2-subgroup nor normal 2-complement.
It follows from [1] that if the prime graph defined on all class sizes of a finite group G is disconnected, then G/Z(G) is a Frobenius group with abelian kernel and complement. By our example above, this does not hold for the prime graph on real class sizes.
In our last result, we provide further evidence for a conjecture proposed in [16] . We will prove Conjecture C in [16] under some condition on the Sylow 2-subgroups.
Theorem C. Let G be a finite group. Suppose that the sizes of all non-central real conjugacy classes of G have the same 2-part. Assume further that G has a Sylow 2-subgroup S with Re(S) ⊆ Z(S). Then G is solvable and O 2 ′ (G) has a normal 2-complement.
A conjecture due to G. Navarro states that a finite group G is solvable if G has at most two real class sizes. Clearly, our Theorem C implies this conjecture with an additional assumption that Re(S) ⊆ Z(S) for some Sylow 2-subgroup S of G. Finite 2-groups S with Re(S) ⊆ Z(S) have been studied by Chillag and Mann [2] . These are exactly the finite 2-groups S for which if x, y ∈ S and x 2 = y 2 , then xZ(S) = yZ(S).
Real conjugacy classes
Our notation are more or less standard. If n is a positive integer, then π(n) is the set of prime divisors of n. If π(n) ⊆ σ for some set of primes σ, then n is said to be a σ-number. If n > 1 is an integer and p is a prime, then the p-part of n, denoted by n p , is the largest power of p dividing n.
Recall that Re(G) is the set of all real elements of G. We collect some properties of real elements and real class sizes in the following lemma.
Lemma 2.1. Let G be a finite group and let N ✂ G.
(1) If x ∈ Re(G), then every power of x is also real. Proof. Let x ∈ G be a real element. Then
a m with (2, m) = 1 and let t = g m . Then t is a 2-element and
and m is odd. This proves (2). Parts (3)-(5) are in Lemma 6.3 of [6] . Finally, (6) is Lemma 2.2 in [11] .
In particular, this is the case if x is a nontrivial real element of odd order.
The next lemma is well-known. We will use this lemma freely without further reference.
Lemma 2.2. Let G be a finite group and let N ✂ G. Then
The following lemma shows that a finite group G has no nontrivial real element of odd order if and only if G has a normal Sylow 2-subgroup. If a finite group G is of even order, then it has a real element of order 2. If an odd prime p dividing |G|, G may not have a real element of order p. However, if G has no proper normal subgroup of odd index and G is p-solvable, Dolfi, Malle and Navarro [5] show that G must contain a real element of order p.
Lemma 2.5. ([5, Corollary B]). Let G be a finite group with
In the next two lemmas, we state the Itô-Michler theorem for real conjugacy classes.
Lemma 2.6. ([6, Theorem 6.1]). Let G be a finite group and let P be a Sylow 2-subgroup of G. Then all real classes of G have odd size if and only if P ✂ G and
Lemma 2.7. Let G be a finite group and p be an odd prime. If p = 3, assume in addition that G has no composition factor isomorphic to
Proof. The first claim is Theorem A in [11] . Now, Theorem B in that reference implies that p does not divide χ(1) for all real-valued irreducible characters χ ∈ Irr(G). By Theorem A in [15] , we know that O p ′ (G) is solvable. Finally, the last statement follows from Theorem A in [14] .
Proofs of Theorems A and B
Let G be a finite group. Suppose that ∆ * (G) is disconnected. Then ∆ * (G) has exactly two connected components by Lemma 2.4. The following will be used frequently in our proofs.
Lemma 3.1. Let G be a finite group and suppose that ∆ * (G) has two connected components with vertex sets π 1 and π 2 , where 2 ∈ π 2 . Then there exists an involution
Proof. Let p be a prime in π 2 . Then p must divide |i G | for some nontrivial real element i ∈ G. Clearly, every prime divisor of |i G | is adjacent to p ∈ π 2 , this implies that |i G | is a nontrivial π 2 -number. Hence |i G | > 1 is odd and so i 2 = 1 by Lemma 2.1(3) and thus i is an involution of G.
Assume that C G (i) has a nontrivial real element x of odd order. Then xi = ix and |x G | is even so |x G | is a π 1 -number and thus (|x
G | by Lemma 2.1(4) again. This means that 2 ∈ π 1 and p ∈ π 2 are adjacent in ∆ * (G), which is impossible. Therefore, C G (i) has no nontrivial real element of odd order and thus it has a normal Sylow 2-subgroup by Lemma 2.3.
Notice that if N ✂ G, then ∆ * (N) is a subgraph of ∆ * (G) by Lemma 2.2(1) and the fact that Re(N) ⊆ Re(G). However, in general, it is not true that ∆ * (G/N) is a subgraph of ∆ * (G). The involutions in G/N might produce extra vertices as well as edges in ∆ * (G/N). However, this is the case if |N| is odd.
Lemma 3.2. Let G be a finite group and let
Proof. We first show that ρ
Let X be a subgroup or a quotient of a finite group G and suppose that ∆ * (X) is a subgraph of ∆ * (G). Assume that ∆ * (G) is disconnected having two connected components with vertex sets π 1 and π 2 , respectively. To show that ∆ * (X) is disconnected, it suffices to show that ρ * (X) ∩ π i = ∅ for i = 1, 2 or equivalently X has two real elements u i , i = 1, 2 which both lift to real elements of G and π(|u
For a finite group G and a prime p, G is said to be p-closed if it has a normal Sylow p-subgroup and it is p-nilpotent if it has a normal p-complement. Proposition 3.3. Let G be a finite group. Suppose that ∆ * (G) has two connected components with vertex sets π 1 and π 2 where 2 ∈ π 2 . Then
Proof. By Lemma 3.1, G has an involution i such that |i G | > 1 is a π 2 -number and C G (i) has a normal Sylow 2-subgroup S.
For (1), let M ✂ G with |G : M| being odd. Notice that ρ * (M) ⊆ ρ * (G) = π 1 ∪ π 2 and that if M is 2-closed, then G is also 2-closed. Thus we assume that M is not 2-closed. By Lemma 2.6, 2 divides some real class size of M and hence 2 ∈ ρ * (M) ∩ π 1 .
If G/N is 2-closed, then SN ✂G is of odd index and thus G = SN since G = O 2 ′ (G). However, this would imply that G is 2-nilpotent with a normal 2-complement N. Therefore, we assume that G/N is not 2-closed.
We are now ready to prove Theorem A which we restate here.
Proof. Let G be a counterexample with minimal order. Then G is non-solvable and ∆ * (G) is disconnected. By Lemma 2.4, ∆ * (G) has exactly two connected components with vertex sets π 1 and π 2 , respectively. If G has a normal Sylow 2-subgroup, then it is clearly solvable by Feit-Thompson theorem. Therefore, we can assume that G has no normal Sylow 2-subgroup. Now it follows from Lemma 2.3 that G has a nontrivial real element x of odd order. Then |x G | is divisible by 2 and hence 2 is always a vertex of ∆ * (G). We assume that 2 ∈ π 1 . Hence all vertices in π 2 are odd primes.
(1) By Lemma 3.1, G has an involution i such that |i G | > 1 is a π 2 -number and C G (i) has a normal Sylow 2-subgroup, say S. Clearly, S is also a Sylow 2-subgroup of G as |i G | is odd. Notice that C G (i) is solvable. Now G has a nontrivial real element x of odd order by Lemma 2.3. Clearly |x G | is even so |x G | must be a π 1 -number. Thus (|x G |, |i G |) = 1; therefore, G is not a nonabelian simple group by [8, Theorem 2].
and since G is not solvable, G is not 2-nilpotent so that by Proposition 3.3(2) ∆ * (G) is disconnected, where
is nontrivial, then |G| < |G| and thus by the minimality of |G|, G is solvable and so is G. Hence O 2 ′ (G) = 1 as required. (a) Assume first that G/M is abelian, then G/M ∼ = C r for some prime r. Since O 2 ′ (G) = G by (2), we deduce that r = 2. Clearly, M is not solvable. We next claim that i ∈ M and hence we have that G = M i .
Suppose that by contradiction that i ∈ M. Then either |i M | > 1 or M = C G (i). If the latter case holds, then M is solvable by (1) and thus G is solvable, a contradiction. Assume that |i M | > 1. Notice that ∆ * (M) is a subgraph of ∆ * (G). We see that ρ * (M) ∩ π 2 = ∅ as every prime divisor of |i M | is in π 2 and i ∈ Re(M). Observe next that M is not 2-closed so it has a nontrivial real element z of odd order by Lemma 2.3 and thus |z M | is even. In other words, 2 ∈ ρ * (M). Therefore ρ * (M) ∩ π 1 = ∅. Hence we have shown that ∆ * (M) is disconnected. Thus by induction, M is solvable, which is a contradiction.
(b) Now, assume that G/M is a non-abelian simple group. Set G = G/M.
Assume first that i ∈ M. Then i is an involution in G and |i G | divides |i G |. Let y be a nontrivial real element of G of odd order (such an element exists by Lemma 2.3). By Lemma 2.1(6), y lifts to a real element z ∈ G of odd order. Therefore
) is a non-abelian simple group, which is impossible as C G (i) is solvable by (1) . Thus H := MC G (i) < G and |G : H| = |G : H| divides |G : C G (i)| = |i G |. Let y ∈ G be a real element of odd order and z ∈ G be a real element of odd order such that y = z. Then |y
, where H has odd index in G and H has a normal Sylow 2-subgroup S.
As every nontrivial real element of odd order of G lifts to a nontrivial real element of odd order of G by Lemma 2.1(6), every prime divisor s of |G : H| (which lies in π 2 ) divides the size of no nontrivial real element of odd order of G, so G ∼ = PSL 2 (q) with q = 2 r − 1 a Mersenne prime and s | (q − 1)/2 or G ∼ = M 23 with s = 5 by [11, Theorem 4.1] . If the latter case holds, then |G : H| must be a power of 5. Inspecting [3] shows that this is not the case. Thus G ∼ = PSL 2 (q) with q = 2 r − 1 a Mersenne prime. It follows that r ≥ 3 and q ≥ 7 as G is non-solvable. Observe that S is a Sylow 2-subgroup of G of order q + 1 = 2 r ≥ 8 and so S ∼ = D q+1 , which is a maximal subgroup of G unless q = 7. Suppose first that q > 7. It implies that H = S so that |G : H| = q(q − 1)/2. In particular, q divides |G : H| and thus q | (q − 1)/2 by the claim above, which is impossible. Now assume that q = 7. Notice that the Sylow 2-subgroup of G ∼ = PSL 2 (7) is self-normalizing but not maximal. Since S ✂ H, we must have that H = S and we will get a contradiction as above.
Since G is not non-abelian simple, G possesses a maximal normal subgroup W . It follows from (4) that G = W i and |G : W | = 2. It also follows from (4) that i does not lie in any maximal normal subgroup of G so that G = i G .
Clearly
It follows that W = G ′ and the claim follows.
then q is odd and divides the size of no nontrivial real conjugacy classes of
. If q ∈ σ and q > 3 or q = 3 and SL 3 (2) is not a composition factor of G ′ , then K has a normal Sylow q-subgroup Q by Lemma 2.7. Clearly Q ✂ G and thus Q = 1 by (3). Hence q does not divide |K|.
We now suppose that q = 3 and SL 3 (2) is isomorphic to a composition factor of
, we see that L/U has a self-normalizing Sylow 2-subgroup T /U and a real element Uz ∈ L/U of order 3 with |(Uz) L/U | = 7 · 8. There exists a real element y ∈ L of 3-power order with Uz = Uy (see [16, Lemma 2.6 
By (1), C G (i) has a normal Sylow 2-subgroup S with S ∈ Syl 2 (G). As L is subnormal in G, S ∩ L is a Sylow 2-subgroup of L and thus (S ∩ L)U/U is a Sylow 2-subgroup of L/U. Observe that C G (i) contains a Sylow 7-subgroup, say Q, of G. Hence (Q ∩ L)U/U is a Sylow 7-subgroup of L/U. Since Q normalizes S, we can see that (Q∩L)U/U normalizes (S ∩L)U/U, which is impossible as the Sylow 2-subgroup of L/U is self-normalizing. Thus we have shown that
is also solvable and possesses a Hall π 1 -subgroup T which is also a Hall
is solvable by Feit-Thompson theorem, which implies that G ′ is solvable and hence G is solvable. This contradiction finally proves the theorem.
In the next result, we show that if G = O 2 ′ (G) and ∆ * (G) is disconnected, then each connected component of ∆ * (G) is complete and one of the components is just {2}. In particular, every real class size of G is either odd or a 2-power. implies that there is an edge between a prime in π 1 and a prime in π 2 , which is impossible.
We are now ready to prove Theorem B. Proof. Suppose that ∆ * (G) is disconnected and let the vertex sets of the connected components are π 1 and π 2 , respectively. Assume that 2 ∈ π 2 . We see that ∆ * (G) has at least two vertices.
We first claim that 2 ∈ π 1 . It suffices to show that 2 divides some real class size of G. Suppose by contradiction that 2 divides no real class size. Then G has a normal Sylow 2-subgroup S with Re(S) ⊆ Z(S) by Lemma 2.6. However, Lemma 3.6 implies that ∆ * (G) is connected, which is a contradiction. Next, suppose that G has no normal Sylow 2-subgroup. We claim that part (2) of the conclusion holds.
is disconnected, the result follows from Theorem 3.5.
We suspect that if a finite group G has a normal Sylow 2-subgroup S, then ∆ * (G) is connected, that is, case (1) in Theorem 3.7 cannot occur. However, we are unable to prove or disprove this yet. In view of Lemma 3.6, this is true if Re(S) ⊆ Z(S).
There are many examples of finite groups whose prime graphs on real class sizes are disconnected. For the first example, let m > 1 be an odd integer; the dihedral group D 2n of order 2n, where n = m or n = 2m, has a disconnected prime graph on real class sizes as its real class sizes are just 1, 2 and m. For another example, let G be a Frobenius group with Frobenius kernel F and complement H, where both F and H are abelian and |H| is even. In this case, all the nontrivial real class sizes of G are |F | and |H| and since (|F |, |H|) = 1, ∆ * (G) is disconnected.
Proof of Theorem C
Let G be a finite group. Observe that if x ∈ Z(G) is a real element of G, then x 2 = 1. We first begin with the following lemma.
Lemma 4.1. Let G be a finite group and let S ∈ Syl 2 (G). Suppose that Re(S) ⊆ Z(S) and |x G | 2 = 2 a ≥ 2 for all non-central real elements x ∈ G. If y is a nontrivial real element of G whose order is a 2-power, then y is a central involution of G.
Proof. Let y be a nontrivial real element of G whose order is a 2-power. Then y t = y −1
for some 2-element t ∈ G by Lemma 2.1(2). As t normalizes y , U := y, t is a 2-subgroup of G. By Sylow theorem, U g ≤ S for some g ∈ G. If y g is a central involution of G, then so is y. Thus we can assume that U ≤ S. Since y ∈ Re(U), we have y ∈ Re(S) ⊆ Z(S) and so y 2 = 1. Hence y is an involution. Finally, since y ∈ Z(S), |y G | is odd which forces y ∈ Z(G) as by assumption |x G | is even for all non-central real elements x of G.
The following lemma is obvious.
Lemma 4.2. Let G be a finite group and let S ∈ Syl 2 (G). Suppose that |x
Proof. Let K be a normal subgroup of G of odd index. By Lemma 2.1(5), we have Re(G) ⊆ Re(K). Now let x ∈ K be a non-central real element of K and let C := C G (x). Let P ∈ Syl 2 (C) and let S ∈ Syl 2 (G) such that P ≤ S. Since |G : K| is odd, we have P ≤ S ≤ K. In particular, S ∈ Syl 2 (K). We see that C K (x) = K ∩ C and P ≤ K ∩ C. Thus P ≤ C K (x) ≤ C and so P is also a Sylow 2-subgroup of Proof. Let N = O 2 ′ (G)✂G and let Nx be a real element of G/N of order k := 2 c ≥ 2. Then Nx = Ny for some real element y ∈ G by Lemma 2.1 (6) . We see that y k ∈ N and so (y k ) m = 1 for some odd integer m ≥ 1. As (k, m) = 1, 1 = uk + vm for some integers u, v. We have Nx = Ny = Ny uk+vm = (Ny uk )(Ny vm ) = Ny vm as y k ∈ N. Clearly z := y vm is a nontrivial real element of G whose order divides k = 2 c and Nx = Ny = Nz. By Lemma 4.1, z is a central involution of G and thus Nx is also a central involution of G/N.
In the next theorem, we show that if a finite group satisfies the hypothesis of Theorem C, then it is solvable. Proof. Let G be a minimal counterexample to the theorem and let S be a Sylow 2-subgroup of G with Re(S) ⊆ Z(S). Then G is non-solvable and thus G has no normal Sylow 2-subgroup. By Lemma 2.3, G has a nontrivial real element z of odd order. Clearly, z is not central and thus |z G | is always even. Therefore, |z G | 2 = 2 a ≥ 2.
It follows from Lemma 4.3 that every nontrivial real element of G/O 2 ′ (G) of 2-power order lies in the center of G/O 2 ′ (G). In particular, all involutions of G/O 2 ′ (G) are in the center of G/O 2 ′ (G). Now we can apply results in [10] . Since O 2 ′ (G/O 2 ′ (G)) = 1, by the main theorem in [10] , the last term of the derived series of G/O 2 ′ (G), say H/O 2 ′ (G) is isomorphic to a direct product L 1 × L 2 × · · · × L n , where each L i is isomorphic to either SL 2 (q) with q ≥ 5 odd or 2 · Alt 7 , the perfect double cover of Alt 7 .
For each i, every real element of L i is also a real element of G/O 2 ′ (G) as L i is a subgroup of G/O 2 ′ (G). Moreover, every nontrivial real element of L i of 2-power order must lie in the center of G/O 2 ′ (G) and hence must be in Z(L i ). Thus to obtain a contradiction, we need to find a real element x ∈ L i of order 2 m ≥ 4. Notice that |Z(L i )| = 2 for all i ≥ 1.
Assume first that L i ∼ = 2 · Alt 7 for some i ≥ 1. Using [3] , L i has a real element x of order 4. Assume next that L i ∼ = SL 2 (q) for some q ≥ 5 odd. It is well known that the Sylow 2-subgroup T of SL 2 (q) is a generalized quaternion group of oder 2 k+1 for some k ≥ 2. (See, for example, Theorem 2.8.3 in [9] ). Now T is generated by two elements α and β such that o(β) = 2 k , o(α) = 4, α 2 = β 2 k−1 and β α = β −1 . Thus β is a real element of SL 2 (q) of order 2 k ≥ 4. We can take x = β. The proof is now complete.
We now prove the 2-nilpotence part of Theorem C. Proof. By Lemma 4.2, we can assume that G = O 2 ′ (G). Let G = G/O 2 ′ (G) and use the 'bar' notation. Now G is solvable by Theorem 4.4. Let P = O 2 (G). Since G is solvable, it possesses a Hall 2 ′ -subgroup, say H. It follows from Lemma 4.3 that every real element of G whose order is a power of 2 lies in the center of G. This implies that H centralizes all real elements of order at most 4 of P and thus by [13, Theorem B] , H centralizes P . By Hall-Higman 1.2.3, H ≤ C G (P ) ≤ P which forces H = 1. This means that G = P is a 2-group and so G is 2-nilpotent as required.
Finally, Theorem C follows by combining Theorems 4.4 and 4.5.
